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We deal with three different definitions for spinors: (I) the covariant definition,
where a particular kind of covariant spinor (c-spinor) is a set of complex variables
defined by its transformations under a particular spin group; (II) the ideal
definition, where a particular kind of algebraic spinor (e-spinor) is defined as
an element of a lateral ideal defined by the idempotent e in an appropriated
real Clifford algebra R, , (when e is primitive we write a-spinor instead of
e-spinor); (I11) the operator definition where a particular kind of operator spinor
(o-spinor) is a Clifford number in an appropriate Clifford algebra R,, , determin-
ing a set of tensors by bilinear mappings. By introducing the concept of ““spinorial
metric” in the space of minimal ideals of a-spinors, we prove that for p+g=<35
there exists an equivalence from the group-theoretic point of view among
covariant and algebraic spinors. We also study in which sense o-spinors are
equivalent to c-spinors. Our approdch contain the following important physical
cases: Pauli, Dirac, Majorana, dotted, and undotted two-component spinors
(Weyl spinors). Moreover, the explicit representation of these c¢-spinors as
a-spinors permits us to obtain a new approach for the spinor structure of
space-time and to represent Dirac and Maxwell equations in the Clifford and
spin-Clifford bundles over space-time.

1. INTRODUCTION

Three essentially different definitions of spinors appear in the literature.

(I) The covariant definition (Cartan, 1966; Brauer and Weyl, 1935),
where a particular kind of covariant spinor (c-spinor) is a set of complex
variables defined by its transformations under a particular spin group.

(II) The ideal definition (Chevalley, 1954, Riez, 1958; Graf, 1978),
where a particular kind of an algebraic spinor (e-spinor) is an element of
a lateral ideal (defined by the idempotent e) in an appropriate Clifford
algebra. (When e is primitive idempotent we write a-spinor instead of
e-spinor.)
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(III) The operator definition (Hestenes and Sobezyk, 1984), where a
particular kind of operator spinor (o-spinor) is a Clifford number in an
appropriate Clifford algebra R, , determining a set of tensors by bilinear
mappings (see Section 2 for notation).

The so-called pure spinors recently used by Caianiello (1988) and
Budinich and Trautman (1986) are special cases of c-spinors (or e-spinors)
and will not be analyzed in this paper. From the point of view of this paper
they are not as fundamental as is usually thought.

The usual presentation of e-spinors as elements of lateral ideals in
Clifford algebras (Chevalley, 1954; Hestenes and Sobezyk, 1984; Graf, 1978)
as well as the introduction in this context of the groups Spin.(p, q) do not
leave clear the relation among these objects and the c-spinors and the
universal covering groups of some groups SO.(p, g) used in theoretical
physics. The same is true in relation to o-spinors.

The main purpose of the present paper is to clear up the situation, and
in the process we obtain very interesting results. In particular, we prove
that all the c-spinors used by physicists can be represented by appropriate
e-spinors. From the explicit construction of the e-spinors (representing
c-spinors) by the “idempotent method” (Section 2.3), we see that these
objects are nothing more than the sum of multivectors (or muitiforms).

This result reveals the hidden geometrical nature of spinors. It shows
that, contrary to usual claims (Budinich and Trautman, 1986; Crumeyrolle,
1969, 1971; Bugajska, 1979; Penrose and Rindler, 1984), spinors are not
more fundamental than tensors. Also, it shows the limited validity of the
geometrical interpretations already proposed in the literature (Bugajska,
1979; Penrose and Rindler, 1984; Hestenes, 1967, 1971a,b, 1975; Lounesto,
1986; Santald, 1976) for Pauli c-spinors, Weyl c¢-spinors (i.e., two-
component dotted and undotted c-spinors), Dirac ¢c-spinors, and Majorana
c-spinors.

To formulate our problem, we start by recalling the kinds of c-spinors
used by physicists.

1.1. Pauli c-Spinors

These are the vectors of a complex 2-dimensional space C equipped
with the spinorial metric

:3111 0:2)(@2’)@, Bp((l’s (P)=¢*(p M
¢=(Zl>’ ¢=<yl>’ Zi,yiEC, i=1,2’ (P*Z(ZI’EZ)
25 Y2

where in this text Z always means the complex conjugate of ze C.
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The spinorial metric is invariant under the action of the group SU(2),
i.e., if ueSU(2), then B,(uy, up)=B,(y, ¢). As it is well known, Pauli
c-spinors carry the fundamental (irreducible) representation D"/? of SU(2)
(Miller, 1972; Landau and Lifschitz, 1971).

1.2. Weyl c-Spinors

These objects were introduced by Weyl (1929) and called by van der
Waerden (1932) undotted and dotted two-component spinors. We have the
following definitions.

1.2.1. Contravariant Undotted Spinors

These are the elements of a complex 2-dimensional space C* equipped
with the spinorial metric

\ B: C’xC*>C;  B(n, &)=n'C¢ (2)

1
n 0 1)
= N C =
7 (n2> (—1 0
The spinorial metric B is invariant under the action of the group
SL(2,C), i.e., if p—>un, &> ué, then
B(n, ) =B(un, ué)«>u'Cu=CeuecSL(2,C) (3)
1.2.2. Covariant Undotted Spinors
A
These are the elements of the dual space C> defined by
A
Com C-C;  2(¢)=1n¢=B(n, &) @)
It follows that

A
n=n'C=(m, ) =(n° ~n") (5
The transformation law of the covariant undotted spinors that leaves
the spinorial metric invariant under SL(2, C) is then
n—nu”,  ueSL(2,C) (6)
1.2.3. Contravariant Dotted Spinors

These are the elements of the space C = (C?)*, i.e, C?54 = (n',n )—
(7', 7°) =m*, n € C* equipped with the spinorial metric 3,

B: CxC’>c, B(, §) = HCE' (7
and we have that

B(i, &) = B(nu*, &u*) o> u*Cu*'=C (8)
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1.2.4. Covariant Dotted Spinors

A
These are the element of the dual space C?, defined by

a A s &
C?3é=B(,8);  0(H=né=7nC¢ 9

ee-(Q)-(9(5) o

It is clear that the laws of transformations of the dotted spinors under
the action of SL(2,C) are

It follows that

A A
A aquts > () (11)
The matrices u and (u*)™' are the (nonequivalent) representations
D> and DV? of SL(2,C).
1.3. Dirac c-Spinors

These are the vectors of a complex 4-dimensional space C* equipped
with the spinorial metric (Landau and Lifschitz, 1971; Srivastrava, 1974)

Ba: C*xC*>C, Ba = (Y, ba) =B,
where a Dirac c-spinor ¢;(¢,) is defined as

n
n & In*}
C2®szc4a¢d=ﬁ+§= é‘ : (12)
i
&
In the canonical basis of C* the matrix B is the representation of 8,
and we have
C 0
B =
(0 C) (13)
Ba(Ya, da) = Ba(p(u)a, p(u)da)
U 0
P(u)=(0 (u*)‘1>’ ue SL(2,C) (14)
The transformation law of the Dirac c-spinors is then
u 0
e P [ (15)

which means that Dirac c-spinors, as is well known, carry the D'/*9@®
DV of SL(2,C).
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1.4. Standard Dirac c-Spinors

If p(u) is a representation of SL(2,C), then Sp(u)S~, with SS~'=
S§71S=1 is also a representation. Under a similarity transformation the
spinor ;> Sy, which in general mixes the components of C” with those

A

of C°. A particular mixing is convenient in writing Dirac’s equation. We
define standard Dirac spinors as the objects ¢, such that

Cisy, = (f) (16)

where
_i +A‘). )\_"1“( _A')
¢_\/§(§ nl; _\/5 £—n

A
where ¢ e C? and %e €? and the sums in ¢ and A are in the sense of sums
of complex numbers for each component. It is well known that ¢, and ¢,
are related by a unitary transformation (§™" = $*) which leave unchanged
the bilinear covariant constructed from ¢, and ¢% (Landau and Lifschitz,
1971; Srivastrava, 1974).

1.5. Outline of This Work

We now ask the main question to which this paper is addressed: to
which Clifford algebras are the c-spinors described in Sections 1.1-1.4 to
be associated?

We are going to give an original answer to the above question by
introducing a natural scalar product (see Section 3) in certain lateral ideals
of certain real Clifford algebras that “mimic” what has been described in
Sections 1.1-1.4. To this end, in Section 2 we give the main properties of
Clifford algebras over the reals (Chevalley, 1954; Riesz, 1958; Porteous,
1981; Atiyah et al., 1964; Blaine Lawson and Michelsohn, 1983; Felzenswalb,
1979; Coquereaux, 1982; Salingaros and Wene, 1985; Micali, 1986). The
material presented fixes our notation and is the minimum necessary to
permit the formulation of our ideas in a rigorous way. We follow with minor
modifications the notations of Porteous (1981).

In Section 3 we define the a-spinors as elements of minimal lateral
ideals and the e-spinors are the elements of lateral ideals {not necessarily
minimal) in real Clifford algebras. The a-spinors or e-spinors of each one
of the Clifford algebras studied in this paper has a natural right F-linear
space structure over one of the fields F =R or C, or H, respectively the real,
complex, and quaterniom fields (Section-2).
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We introduce for each a-spinor space I =R, ;e a natural scalar product
(spinorial metric), i.e., a nondegenerate bilinear mapping I': I x I > F, where
F is the natural scalar field associated with the vector structure of IR, ,.

Our approach to the natural scalar product shows for p+g=<35 the
groups Spin..(p, q) are the groups that leave the spinorial metric invariant.
Thus, our approach to the scalar product is different from the one discussed
by Lounesto (1981) and, as we shall see, offers a solution for the main
question formulated above.

In Section 4 we analyze in detail the special cases SU(2) = Spin(3, 0)
and SL(2, C)==Spin,(1,3) and identify respectively the ideals that contain
the objects corresponding to Pauli c-spinors in R, , and the Weyl c-spinors
and Dirac ¢-spinors in R, ; (the space-time algebra) and R, ; (the Majorana
algebra). Our identifications are all based on explicit proofs that the rep-
resentative space of a-spinors (or e-spinors) of each one of the c-spinors
mentioned above carries the correct representation of the corresponding
spin group (according to the theory of group representation). We show also
that the original Dirac algebra C(4) must be identified for physical reasons
with the real Clifford algebra R, ;.

Now, it is well known that physical theories use spinor fields. Indeed,
there are theories which use c¢-spinor fields (Bleecker, 1981; Lichnerowicz,
1964) and theories that use e-spinor fields (Graf, 1978; Benn and Tucker,
1983a,b, 1985a,b; Blau, 1987). The c-spinor fields are sections of the so-
called covariant spinor bundle and the e-spinor fields are elements of the
Clifford or the spin-Clifford bundles. These two bundles are of very different
nature. Indeed, the Clifford bundle always exists (Graf, 1978), whereas the
existence of the covariant spinor bundle imposes several constraints on the
base manifold of the bundle [which is taken as a Lorentzian manifold
modeling space-time (Crumeyrolle, 1969, 1971; Milnor, 1963; Bichteler,
1963; Geroch, 1968; Rodrigues and Figueiredo, 1989, 1990a)].

The use of algebraic spinors fields (representing the covariant Dirac
spinor fields) taken as ideal sections of the Clifford bundle in Graf (1978),
Benn and Tucker (1983a,b, 19854a,b), and Blau (1987) shows that the local
representation of these a-spinor fields does not transform under local
Lorentz transformations in the same way as the c-spinor fields.

In Rodrigues and Figueiredo (1990a) (henceforth calied II), we study
the structure of the covariant spinor bundle, the Clifford bundle, and a new
bundle called the spin-Clifford bundle. We show that to obtain an a-spinor
field with the same transformation law as a c-spinor field under a local
Lorentz transformation, it is necessary to take the a-spinor field as a section
of the spin-Clifford bundle. In II we also use these bundles together with
the explicit construction of the Weyl a-spinor obtained in this paper (Section
4.2) to study the spinor structure of space-time and to obtain a new proof
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of Geroch’s (1968) theorem that requires only elementary knowledge of the
bundle reduction process.

The definition of o-spinors given by Hestenes for R, ; and generalized
by Dimakis (1986) for real Clifford algebras R, , is presented in Section 4.6
together with their relations with c¢-spinors and e-spinors.

In Rodrigues and de Oliveira (19905) (henceforth called I1I) we show
how to write Dirac and Maxwell equations in the Clifford and spin-Clifford
bundles over space-time and study in detail the transformation laws of these
fields viewed as sections of the Clifford or the spin-Clifford bundle. Finally,
in Section 5 we present our conclusions.

2. SOME GENERAL FEATURES OF CLIFFORD ALGEBRAS

2.1. Introduction

Let V be a vector space of finite dimension »n over the field F and let
Q be a nondegenerate quadratic form on V. The Clifford algebra C(V, Q) =
T(V)/I,, where T(V) is the tensor algebra of V(T(V) =Zf°=l T(V);
TOV)=F; T(V)=V, T'(V)=®" V) and I, is the bilateral ideal gener-
ated by the elements of the form x®x — Q(x)1, x € V. The signature of Q
is arbitrary. The Clifford algebra so constructed is an associative algebra
with unit. The space V is naturally imbedded in C(V, Q). We have

VS T(V) S T(V)/Io=C(V,Q), ip=joi; V=I,(V)=C(V,Q)

Let C*(V, Q) [respectively C(V, Q)] be the j-image of ¥ -, T*(V)
[respectively Yo, T**'(V)] in C(V, Q). The elements of C*(V, Q) form
a subalgebra of C(V, Q) called the even subalgebra of C(V, Q).

C(V, Q) has the following universal property: If A is an associative
F-algebra with unit, then all linear mappings ¢: V- A such that (¢(x))*=
Q(x)1, Vxe V, can be extended in a unique way to a homomorphism
¢: C(V,Q)~> A

In C(V, Q) there exist three linear mappings which are quite natural.
They are extensions of the mappings:

(a) Main Involution. An automorphism ~: C(V, Q) C(V, Q) exten-
sion of a: V> T(V)/I,, a(x)=—ig(x)=—x,Vxe V.

(b) Reversion. An antiautomorphism *: C(V, Q) > C(V, Q) extension
of : T(V)->T'(V), T(V)3x=x,8-®x, >x' =x,® - ®x,.

(¢c) Conjugation. “: C(V, Q) C(V, Q), defined by the composition of
the autoanorphism = with the antiautomorphism *, i.e., if x C(V, Q), then
X=(x*)".
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C(V, Q) can be described through its generators, i.e., if {e}, i=
1,2,...,n,is a Q-orthonormal basis of V, then C(V, Q) is generated by 1
and the e} subject to the conditions ee; = Q(e;)1 and ee;+ e, =0, i#
i,j=1,2,...,n If Vis an n-dimensional real vector space, then we can
choose a basis {e;} for V such that Q(¢;) = 1.

2.2. The Real Clifford Algebras R, ,

Let R™? be a real vector space of dimension p+ ¢ =n equipped with
a metric g: R?? xR > R. Let {¢;} be the canonical basis of R”? such that

+1, i=j=1,2,...,p
g(ei’ej)=gij=g(eja ei)=gji= -1, i=j=p+1,...,ptq=n
0, i#j

The Clifford algebra R, , = C(R™%, Q); p+ g = n, in the Clifford algebra
over the real field R, generated by 1 and the {¢;}, i=1,..., n, such that
Q(e;) = g(ei, ). The R, , is obviously of dimension 2" and it is the direct
sum of the vector spaces [Rf,f,q of dimensions (}), 0=k = n. The canonical
base for Rj, are the elements e,=e, - e,, |<a;=<---<a=<n. The
element ¢;=¢, - - - e,€R,, commutes (n odd) or anticommutes (n even)
with all vectors e,,..., e, in R,,=R"% The center of R, is R}, =R if n
is even and it is the direct sum R, ,®R}, if n is odd (Blaine Lawson and
Michelsohn, 1983; Felzenswalb, 1979). All Clifford algebras are semisimple.
If p+g=niseven, R,, is a simple algebra and if p+ g = n is odd, we have
the following possibilities:

(a) R,,issimple< e5=~-1ep—g#1(mod 4)< center R,,, is isomor-
phic to C.

(b) R,, is not simpleeej=+1<p—q=1(mod4)<center R,, is
isomorphic to R) ,®R},.

From the fact that all semisimple algebras are the direct sum of two
simple algebras (Blaine Lawson and Michelson, 1983) and from Wedden-
burn’s Theorem [if A is a simple algebra, then A is equivalent to F(m),
where F is a division algebra and m and F are unique (modulo isomorph-
isms)], we obtain from the point of view of representation theory R, , = F(m)
or R,,=F(m)® F(m), where F(m) is the matrix algebra of dimension
mXx m (for some m) with coefficients in F=R, C, H.

Table I (where [n/2] means the integral part of n/2) presents the
representation of R, , as a matrix algebra (Blaine Lawson and Michelsohn,
1983; Coquereaux, 1982).
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Table I. Representation of the Real Clifford Algebra R, , As a Matrix Algebra

p—q(mod 8) 0 1 2 3 4 5 6 7
R(z["/ﬂ) R(z["/Z]—l)
R, R(Z["/2J) ) R(z["ﬂ]) C(z["/zl) H(z["/l—l]) ® H(z["/z—l]) C(Z["/Z])
R(z["/z]) H(z["/zl—l)

2.3. Minimal Lateral Ideals of R, ,

The minimal left ideals of a semisimple algebra A are of the type Ae,
where e (e’ = e) is a primitive idempotent of A. An idempotent is primitive
if it cannot be written as a sum of two nonzero orthogonal idempotents,
ie, e*é+¢ where é=8, é*=¢ and é6=6¢=0 (Blaine Lawson and
Michelsohn, 1983). Recall that when p+ g = nis even, R, , = F(m) (Table I).
We also have the following result. »

Theorem. The maximum number of pairwise orthogonal idempotents
in F(m) is m (Felzenswalb, 1979).

The decomposition of R,, into minimal ideals is then characterized
by a spectral set {e,,;} of idempotent elements of R,, such that:

(a) Z epq,i =1L
(b) €pq,€pq,; = Bi€paq.i-

(c) The rank of e,,; is minimal and nonzero; i.e., ¢

@i pq,i 18 primitive.

Here the rank of e, ; is defined as the rank of the ® A?(R"”9)-morphism
i’ > e, ;, where @ AY(RP) is the exterior algebra of R”% Then
Rog=X 15, 1,4=R, e, and ¢, =R,  is such that ge,,; = . Con-
versely, any element ¢ € I}, , can be characterized by an idempotent e,,; of
minimal rank #0 with ge,,; = y.

We have the following theorem.

ai

Theorem (Lounesto, 1981). A minimal left ideal of R, , is of the type
I, =R, €5, where €,,=1/2(1+e¢,) - -1/2(1+e,,) is a primitive idem-
potent of R, , and where e, , ..., e,, is a set of commuting elements of the
canonical basis of R,, such that (eal)2= 1, i=1,..., k, that generates a
group of order k=g —r,_, and r, are the Radon-Hurwitz numbers, defined
by the recurrence formula r,,3=r;+4 and Table II.

Table II. Radon-Hurwitz Number




380 Figueiredo et al.

If we have alinear mapping L,: R, , > R, ;3 L,(x), VxR, ;, and where
acR,,, then since I, , is invariant under left multiplication with arbitrary
elements of R, ,, we can consider L,|; _: I, ,~ I,,. We have the following
result.

Theorem. If p+q =n is even or odd with p—¢q # 1 (mod 4), then
Ryq = Zr(1,,) = F(m) (17)

where F=R or C or H, £x(I,,) is the algebra of linear transformations in
I, over the field F, m = dimg(1,,), and F = eF(m)e, e being the representa-
tion of e, in F(m). If p+gq=n is odd, with p—g=1 (mod4), then
R, =Zr(I,,)=F(m)®F(m), m=dimg(l,,), and ¢,R, ., =RO®R or
H@H.

With the above isomorphisms we can identify the minimal left ideals
R, , with the column matrices of F(m).

Now, with the ideas introduced above it is a simple exercise to find a
primitive idempotent of R,,. We have the following algorithm. We first
look at Table I and find the matrix algebra to which our particular R, , is
isomorphic. Let R, , = F(m) for a particular F and m.” Next we take from
the canonical basis {es} of R,

eA—_—eBl...eﬁk’ 15‘[313...5[3’(5"’ p+q=n

an element e, €{e,} such that eil =1. We then construct the idempotent
e, =1/2(1+e,,) and calculate dimg(I,,). If dimg(I,,)=m, then e,, is
primitive. If dim (I, ;) # m, then choose’ {e,} 2 e,,|e%, = 1 and construct the
idempotent e,, =1/2(1+e, )1/2(1+e,,) and calculate dimg(I},,), where
I,,=R, ep,. If dimp(I,,) = m, then e,, is primitive. Otherwise, repeat the
procedure. According to the theorem above, the process is finite.

We will discuss the problem of the equivalence of representations of
R,, when we take the minimal left ideals (instead of some vector space
isomorphic to them) as representation modules of R, ,, after the introduction
of the concept of the spin groups (Section 3).

3. ALGEBRAIC SPINORS, SPIN GROUP, SPINORIAL
REPRESENTATION, AND SPINORIAL METRIC
3.1. The Spin Group Spin (p, q)

The invertible elements u€R,, such that VxeR,,=R"> we have
uxu”'e€R,, form a multiplicative group of R,, called I'(p, q). Consider

2We are supposing R, q is simple. The procedure is also straightforward when R, , is semisimple.
3All elements e,, are actual commuting elements as stated in the last theorem.
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now the norm mapping N: R, , >R, ,, N(u)=1du If ueI'(p, q), then N is
a homomorphism of the group I'(p, g) into the multiplicative group of the
nonnull multiples of R, .

We define the groups Pin(p, q) ={ueT(p, q)| N(u) = =1}, Spin(p, q) =
Pin(p, q) "R} ,, and Spin.(p, q)={uel(p, q)|du=+1}nR,, as the con-
nected component of Spin(p,q) that contains the identity. We can show that
Spin.(p, q}/ Z,= SO.(p, q), where SO.(p, q) is the special rotation group
of R™?. For more details see Figueiredo er al. (1988).

3.2. Algebraic Spiners

Given a real Clifford algebra R, ,, we call elementary algebraic spinors,
or a-spinors for short, the elements of the minimal left (right) ideal R, ,e,,
(e,qRpq) OF Ry qeh, (€p4R} ), Where e,, €, are primitive idempotents of
R,,. We call algebraic spinors or e-spinors the elements of left (right)
nenminimal ideals of R, ,.

3.3. Spinorial Representation. Scalar Product of Spinors.
The Spinorial Metric

Given the definitions of the group Spin..(p, q) and of algebraic spinors,
we can make the ideals I, , =R, ,¢,, into spinorials of SO, (p, q) in the sense
of group, by introducing a spinorial metric in I, , that “mimics” the results
of Sections 1.1-1.4 and which is invariant under the mappings ¢+> uy,
ue SPin+(Pa Q), dj € Ip,q'

The “transformation law” > ui corresponds to the usual transforma-
tion of covariant spinors, but this transformation law is not the one to which
an algebraic spinor field is subject when intended as a section of the Clifford
bundle. This transformation law is, however, the one to be used when
algebraic spinor fields are viewed as sections of the spin-Clifford bundle.
All these points that have to do with the equivalence of the minimal ideals
of R, , as representation modules of R, ; are discussed in detail in Rodrigues
and Figueiredo (1990), Rodrigues and de Oliveira (1990), and Figueiredo
et al. (1988).

In Section 2.3 we saw that if R, , is simple, a minimal left ideal I, ; of
R, , is of the form I, , =R, ,e,,, where ¢e,, is a primitive idempotent of R, ,
and F = ¢, R, je,, with F=R or C orH, dependingon p— ¢ =0, 1, 2 (mod 8),
p—q=3,7 (mod8), or p—g=4,5,6 (mod 8), respectively (Table I). We
can then define an action Fin I, ,, FXI,,~1,,, by FXI,,3(a, y)~>ap e
L, .. In this way I, , has a natural linear vector space structure over the field
F, whose elements are the natural “scalars” of the vector space I, ,.

These remarks suggest that we search for a ““natural scalar product”
on I, ,, i.e., a nondegenerate bilinear mapping I': I, , x I, , » F. To this end,
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we observe that if f and g are F-endomorphisms in R, ,, then we can define
a bilinear mapping I' in R,, using f and g We simply take I'(¢, ¢) =
f()gle), ¥, o R, ,. Considering that I, , =R, ,e,, has a natural structure
of vector space over F, we can take the restriction of I to I, ,, and ask the
following question:

For ¢, ¢ € I, ,, when does ['(y, ¢) € F?

As we saw in Section 2.1, we have three natural isomorphisms defined
in R, ,, the main involution, the reversion, and the conjugation, denoted,
respectively, by =, *, and . Combining these isomorphisms with the identity
mapping, we can define the following bilinear mappings:

Ti: L,xL,>R,, i=1,2,3
T4, @) =9
Dy, @) =4e

Ty, @) =4, Vi, eel

As already observed in Section 2.1, the main involution is an
automorphism, whereas the reversion and conjugation are antiautomorph-
isms. An automorphism (antiautomorphism) transforms an element of a
minimal left ideal into an element of a minimal left ideal (minimal right
ideal).

To see the validity of these statements it is enough to observe that the
image of a primitive idempotent under an isomorphism is a primitive
idempotent and that if ¢ I, , =R, .e,,, then ¥ = xe,, with xeR,, and

(18)

yo= (x"’pq)D = xDeEq=>'//D el ,= Rp,qez?q

*=(xe, )* = e x*=>y*e*l, = kR, . (19)
d; = (xepq)~ = qu)E':}(Z € jp,q = &R, 4

Using the isomorphism R, , = %¢(I,,) = F(m), m=dimg(I,,) (when
R, , is simple; cf. Section 2.3), we identify the elements of the minimal left
ideals of R,, with the column matrices of F(m). Then, if y€1,, has a
representation as a column matrix of F(m), then ¢* and ¢ have representa-
tions as row matrices of F(m), and we get that ¥*¢ and ¢ are elements

of F.
We identify the scalars of the vector structure of I,, with multiples of

SR @
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i.e., as matrices in F(m) multiples of the matrix in equation (20). Sometimes
it may be convenient to choose the 1 in e,, in another lirie. Through
isomorphisms of R,, (multiplication by a convenient invertible element
ueR,,), we can transport ¢*¢ or e to the position (1, 1) in the matrix
representation of these operations. We then conclude that the natural scalar
products in I, , are

Bi=1,,xI,,>F, i=1,2 (21)

Bi(d, @)=u'v*e and By(¢, ¢)=ude, V¢,0el,, and u,u'eR,,, are
convenient invertible elements. _

Lounesto (1981) obtains the scalar products in equation (21) using
similar arguments and immediately proceeds to the classification of the
group of automorphisms of these scalar products, i.e., the homomorphisms
of F-modules, I,,~>I,,, ¥->s¢, seR,,, which preserve the products in
equation (18). Observe that from B,(sy, so) = B,(¢, ¢) we get s*s =1 and
from B,(s¢, s¢) = B.(¢, ¢) we get ss=1 (¢, ¢ € 1,,). Lounesto calls G, =
{seR,,;s*s=1}, G,={seR,,, §s=1}

So in Lounesto’s paper there does not appear clearly any relationship
between the groups Spin.(p, q) and the groups G, and G,, with the con-
sequence that we do not have a clear basis to mimic within the Clifford
algebras R,, (for appropriate p and q) the results described in Sections
1.1-1.4. We can mimic these results within some Clifford algebras by
introducing the concept of spinorial metric.

Observe that since Spin.(p, g) <R, it seems interesting to define a
scalar product in an ideal I,,=R;, je,,. The reason is that such a scalar
product is now unique, since if seR,,, then s*=5 This unique scalar
product will be called in what follows the spinorial metric

B: I xI.,>F (22)

defined by B(¢, ¢) = ugrp. We see that G ={s ER;q|§s =1} is the group of
automorphisms of the spinorial metric just defined and G< G,, G< G,.

We now recall the following theorem from Porteous (1981), which says
that for p+g=5

Spin.(p, q) ={ueR; | iu=u*u=1}

With this result we get a new interpretation of the groups Spin.(p, q)
for p+ g =35, namely, these are the groups that leave the spinorial metric
of (22) invariant. But even more important is the fact that now we know
how to mimic within appropriate Clifford algebras Sections 1.1-1.4 and
thus we can present representations within Clifford algebras of the Pauli
c-spinors, undotted and dotted bidimensional c¢-spinors, and Dirac c-
spinors. This is done in Section 4, and in Figueiredo et al. (1988).
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4. REPRESENTATION OF PAULI ¢-SPINORS, UNDOTTED AND
DOTTED TWO-DIMENSIONAL SPINORS, AND DIRAC
¢-SPINORS BY APPROPRIATED ALGEBRAIC SPINORS

4.1. Pauli a-Spinors and the Group SU(2)

The algebra R;, (Pauli algebra) is isomorphic to C(2) (see Table I).
R; o is generated by 1 and o, i =1, 2, 3, subject to the condition o0, + gj0; =
28y, 6; =diag(+1, +1,+1). It is trivial to verify that e;o=1/2(1+03) is a
primitive idempotent of R;,. Now, consider xeR;,,

X =ao+ a,00+ ayo,+ az05+ a0, 05+ 50,03+ ago, 05+ a,0,0,05  (23)
a;eR, i=0,...,7
The elements ¢ € I; o= I, =R; ge30= R;0e30 (Pauli a-spinors) are of the
form
¢ = eso[(aotas)est+(as+a;)0,0,0;e5]
+ oyesof(a; + as) et (a,+ ag) 010,03 €3] (24)

It is then immediate that e;)R; ge;0=C has basis {1, 0,003} €3, and the
spinorial basis is @ = {39, 071€30}. We now show that the elements of I, are
the representatives of Pauli c-spinors (Section 1.1).

Using the isomorphism R; ¢ L Zc(1,) (Section 2.3), f(x)¢ = x¢p, u €Rs ,
¢ € I,, we obtain the representation of x€R;, in the a-basis through the
following algorithm.* Put

es=(D), Tie30=[2); (1] = e, (2| =(01e30)* = e300, (25)
Then
1=Z|i><il’ i=1,2; (i/j>=5ije30

x=xY [D0=x| =Y x| x:=(lxli)

10 0 0
€30= 0 0 3 01€30= 1 0 ;
[0 1] [o —-i] [1 o]
= . = . a' =
771 olr Tl ot TTlo 4
We also have the following matrix representations for x, x°, x*, and
XeRsy:

C2)ax= [Zl z2:|; xD=[ 2:4 —?]

Z3  Z4 —2Z Z

x*=[fl ?]; >z=[ - _Zz] @7
Zy Z4 —Z3 Zy

*If x €R; 4, we use the same letter for f(x)eC(2) = &c(1,). This should cause no confusion.

(26)
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From equations (27) we see that the main antiautomorphism * corre-
sponds in the Pauli algebra to the operation * in matrix algebra.
We now define the spinorial metric
B: LxIL,>C; Bt e)=2¢*e)=0'e"+ i’ (28)
where (-), means the scalar part of the Pauli number.
The representation of B8 in the a-basis is then

1 0
Bl = [0 1] =1, (29)

Also, B(¢, ¢)=B(up, up)Su*u=1uc U(2).
Now, if xeR3=R,,=H, we have the following representation for x
in the a-basis:

x=[z —v_T)jl and £=x*=[ z W] (30)
w oz -

Then N(x)=xx=det x- 1= N(x)=1&det x=1. So, the elements u €
R3, such that B(uy, up) =B(¢, @), ¥, ¢ € I, satisfy fiu =1 and det u =+1,
which means that ue SU(2)=Spin.(3,0). Our statement that Pauli c-
spinors are represented by the elements of I, =R3 e, (Pauli a-spinors) is
then proved.

4.2. Representative of Weyl c-Spinors and Dirac c-Spinors within
R1,3 and SL(2, C)
The algebra R, ; is generated by 1 and the vectors e, such that
e.e,tee,=2n,,, M. = diag(+1, -1, -1, —~1); w,v=0,1,23

Consider the isomorphism R, OéRT,S, where f is the linear extension
of f(o;)=ee, and o, cR>° as in Section 4.1. Since e;,=1/2(1+03) is a
primitive idempotent of R; 4, f(e30) = 1/2(1+ e3¢,) is a primitive idempotent
of Ry ;. Also, since R, ; =H(2), e,; = f(e;30) = e is also a primitive idempotent
of R, ;, since

dimR R]ge = 24/2 and dim[H] Rl,ge =2

I» =R, ;e is a bidimensional quaternionic space and i, € I, is a representa-
tion of the Dirac spinors, as we shall prove. Let a e R, ;e,

a=s+ (aoeo+ a; e, + a262+ age:;)
+(agie0e, + age0er + agsepes + a,e,e,+ aze e+ aszese;)
+(ao1€0e,8; 1 agi3€0€1 €3+ agrzeperes + aynze eze;)

+ pegeee; (31
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Then yp R, ;¢ is such that
Up = e[xpe+x,ee+x,e,e+ x5 e5¢e]
+ e epe[yoe +yie e+ yee+ yie ee] (32)
where eR, ;e =H has basis {1, e, e,, e,e,}e.
4.2.1. Contravariant Undotted a-Spinors
Consider the minimal left ideal I =R ;e. Then n € I can be written as
n = e(xo+ X31) + ese;(yo+ ysi) (33)
where eR;e=C has basis {1, i}e, where
i=es=eye e63: %0, X3, Yo, V3 ER

We write

1

. ol , .
n=en'+eeen’=sn"+s,m°= [:’72 ]n' eCei=1,2 (34)

0
4.2.2. Covariant Undotted a-Spinors
Now, the covariant undotted spinors can be identified with the elements

of the ideal éR};= L., with ¢=1—e.
Indeed I, = (eR];) = (R{;e) and then if

1
. . n 0
Rise 30 =[e(xo—x,ie) + oe(yoe — yjie)] = en'+ojen’= <772 0)

. - I _ _ 0 0
n=[(x(,e—xlle)e—((yoe—ylle)e)etrl]=n‘e—n2e0'1=< )

M2
Then
’;A'I =011 =[(xoe — x,ie)eq; — (yoe — y,ie)e]
2 1
1 2 -n 7
= - o~ 35
(nemne)(o 0) (35)

Note that we can define the spinorial metric is I by

B: I°XI°>C;  B(m, &) =2R&=1'CE (36)
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4.2.3. Contravariant Dotted Spinors

We identify the contravariant dotted spinors with the elements of the
ideal eR; ;. We already know that eR, ;= I“* and then we identify I° = I*.
Then if 73 1° we have

7 =[(xoe —x,ie)e+(yoe — yie)ea;]

.1 .2
g2 :<77 n) ;
netnieo =\, (37)

4.2.4. Covariant Dotted Spinors

We identify the covariant dotted spinors with the elements of the ideal
.= Rt;é = (eR1’3)~.
Indeed we have that if 7 € eR} ; then

ke - ~ . - . 0 - P
17=[e(xoe—xlle)~a'le(yoe—ylle)]=(0 ;71)

Then

Foy = [ome(xoe — xiie) — e(yoe — yrie)] = ("zl 0) (38)

and we put n = —770'1
We can define the spinoral metric ,B, by

A
B Ioxit>C; B, &) =2 (39)

In the spinorial basis a ={e, e,e,e} of I we have the following rep-
resentation for o; = ee,, i=1,2,3:

0 1 0 -i 1 0
Observe now that we can write, from equations (31), (33), and (37), that

A
Up=¢@+ex (41)

Now, let xeR{;. Then we have that if x € C(2) is the representative
of xeR73, then

z s
x= (Zl 2) = eyxe, = ( zi _23) = (x*)! (42)
23 Z4 —2Zs Zy
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From equations (41) and (42) we have that, for u e Spin.(1,3), yp~>
¥p=uyp and

A AL,
up = up +ueox = up — e[ (u*) ' ¥1=¢'+eox (43)

Equation (41) shows that I, is the carrier space of the representation
DU/20q DOV of Spin (1,3)=SL(2,C) as defined in Section 1.3.
Observe also that from equation (33) we can write

Yp=eped +e e, t+efsteeel, (44)

with ¢; € eR, ;e =C with basis {1, e}e2e1.
A complex spinorial basis for I, is then ap ={eye, e,¢, ¢, eye,€}.
Consider now the injection

v: Ryz=>Ze(Ip)r
x—>y(x): Ip->Ip
Yo+ xPp
We get the following representation for e,, u =0, 1,2, 3, in the ap-basis:
’)’(eo)=')’o=(ﬂo2 Ti)z), Y(Ci)'—"}’i:(_(:ri 3’:’), i=1,2,3 (45)
We can also mimic the spinorial metric in C(4) (Section 1.3), defining

Bo: IpxIp=>C,  Bp(Y, ¢)=2Adeeip) (46)

4.3. Representations of Weyl and Dirac c-Spinors in R; ,

Now R;;=R(4) (see Table I), the Majorana algebra is generated
by 1 and the vectors e, such that &.,6,+&€.¢,=-2n,,; 7,.=
diag(+1,-1,-1,-1), ux,»=0,1,2,3. We can easily verify that &=
1/2(1+¢&;8,) is a primitive idempotent of R3;=R;,=~R;;. Then each
¢ € I =R3,& can be written as

¢ =ep,t+ & ¢&ep, (47)

where ¢,, ¢, € 8R3,&=C has basis {1, i}, where 1= —&,,&,8, = —0,0,0;,
T, =6e,,i=1,2,3.

It follows that the structure of the Weyl spinors is equal in the R, ;
algebra. What we want now is to represent the Dirac spinors inside R; ;.
Observe that unlike the case of R,,, €=1/2(1+&;&,) is not a primitive
idempotent of R; ;.
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However, for each x € R;, we can write
Risax=x"+&y"; x%, y eRi, (48)

Also, if u € R3; and if u € C(2) is the representative of u in the canonical
spinorial basis, then

u= <Zl 22> ﬁ‘éouéo = <—_Z4 zi ) = "'(u*)—l (49)
Zy  Z4 Zy —Z

It follows that the objects of the nonminimal ideal

- A
I, =R, e, Yp =@+ éx

transforms under the action of u € Spin, (3, 1) = Spin.(1,3) = SL(2, C) as

— . A A
Wp > up = up +uéoy = up + & (u*)~'¥] (50)

From equation (50) it follows that the nonminimal ideal I, is the
carrier space of the representation D/29@® D®V? of the group SL(2, C).
The ¢p is an e-spinor according to the definition given in Section 3.2.

This example shows that when working with Clifford algebras we cannot
restrict the representation of the c-spinors used by physicists only to elements
of minimal lateral ideals.

4.3.1. Majorana Spinors

The elements of the minimal left ideals of R; , are the Majorana spinors.
They can be constructed by the standard procedure used above.
Since é = 1/4(1+ &;,)(1+ &,) is a primitive idempotent of R; ;, we have

Iy =R31€ 3 Ypy = €80, + &>+ 608,83+ o, (51)
where ;€ éR; ,é=R, i=1,2,3,4.
It is interesting to compare (51) with (44), which express ¢, in Iy,
and (//D in Ip.
Consider now the isomorphism
v Ry, - Lr(In)

x—>y(x): Iy-1Iy

Ynt —> Xy
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We get the following representation for &,, 1 =0,1,2, 3, in the ay =
{éla éa éla éoéléa éoé} baSiS [‘Y(ep.) = ’Y}L]’

_~<0 '_1]2) ___<Ul 0 ). _<O “2)
Yo= I, 0 5 Y1 0 —o N Y2 = 1, 0)°
(5 )

Y3 0 —o

Equations (52) show a set of what is usually called in the literature

Majorana matrices and our presentation shows how easy it is to find a set
of Majorana matrices with the techniques of this paper.

(52)

4.4. Representations of Dirac c-Spinors within the R, , Algebra

From Table I we see that R,,, R,;, and R, are isomorphic to the
algebra C(4), which is the usual Dirac algebra of physicists. In order to
identify the algebra that carries the physical interpretation associated with
space-time (R'?), we proceed as follows. Let E,, A=0,1,2,3,4, be an
orthonormal basis for R”? with p+g=35. The volume element is E; =
E,E,E,E;E, and we get E;=—1 for g=1,3,5. Now define

e,=EE, (53)
and impose that e, is an orthonormal basis for R, ie.,
ei=—EIE3=+1, ei=-EiEi=-1, k=1,23  (54)

Equations (54) are satisfied when p=4, g=1,i.e., E3=Ei=—E}=1,
and we conclude that the real Clifford algebra associated with space-time
(R'?) and isomorphic to C(4) is R,,.

Equation (54) shows that R, 5 £ R, where g is the linear extension of
gle,)=E,E,, n=0,1,2,3. We already saw in Section 4.2 that f(e;,) is a
primitive idempotent of R,; and we have that g(f(es)) is a primitive
idempotent of R}. Then I, =R, g(f(es)) is a minimal ideal R}, which
‘is a 4-dimensional vector space over the complex field and its elements, the
Dirac a-spinors, are representations in R, ; of Dirac c-spinors.

4.5. Representation of the Standard Dirac c-Spinors within
the R, ; Algebra

It is obvious that & =1/2(1+ ¢,) is a primitive idempotent of R, ;. Also
we can easily verify that for any x € R, ; there exists y € R} ; such that xé = y¢,
It follows that I, =R} ;¢ is a minimal left ideal of R, 5. The elements ¥, € I
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can be written in the form
= é&f+ese, 8, + eséys+ e 8y, (55)

¥; € €R, ;€ = C with basis {1, e,e,}é.

The ¢ are the representatives of standard Dirac c-spinors, which are
the kind of c¢-spinors that appear in the usual form of the Dirac equation
(Landau and Lifschitz, 1971).

The isomorphism

v: Rz g@(jD)
x—>y(x): Ip-1Ip
g xi
gives, through the technique introduced in Section 4.1, the following rep-
resentation for e, u =0, 1,2, 3, and es = eye, €165 in dp = {¢, ese,¢, €36, €€},

a complex spinorial basis for Ip.
Pu“:ing ‘Y(avD) = {|1>’ |2>= |3>5 ]4>} and ‘)/(ep.) = Yus 7(65) =%, WE have

=[5 =[n2 o] =[° —ok]_ :[0 iﬂz]
ills Yo 0 _.“2 s Y« T 0 ’ Ys l.nz 0

(56)

where [ 8;,] is the 4 X 4 matrix with one in the i-line of the first column, all
other elements being zero. Also, i =+—1. The set of y matrices in (56) is
usually known as the standard representation of Dirac matrices (Landau
and Lifschitz, 1971).

Observe now that the idempotents é =1/2(1+¢,) and e =1/2(1+ e;e;)
are related by

e=uéu'; u=(1+e;) (57)

Since u=(1+e;)2I'(1,3), the ideals I, and I, are not equivalent
(module) representations of R, ; (Figueiredo et al., 1988), although from
the point of view of group theory both ideals are carrier spaces of the
representation D/>Y@® D®Y? of SL(2,C). The point is important for
papers II and III of this series. There we will need also the following results,
“ which are trivially established:

D=yl1);  i|D=9yll);  [2)=—ysyall);

(58)
By=mwll); 4=y
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4.6. Operator Spinors

Hestenes (1967, 1971a,b, 1975; Hestenes and Sobezyk, 1984) defines
an operator (o-spinor) in R, , as follows:

An o-spinor in R, , is a bilinear map R, , 3 ¢: R*? given by yxyy ' =y
for x, y e RP,

Now, the invertible elements of R,, , such that u=xu ™" =y, for x, y € R,
ucR,,, form the so-called Clifford group I'(p, q) of R, , (Section 3.1). The
special Clifford group ['"(p, q) is defined by I'"(p, 9)=T(p, g) NR,,. [For
more details see Figueiredo et al. (1988).]

We then immediately recognize o-spinors as elements of I'"(p, g). If
we remember now that Spin.(p, q) ={uel.(p, q)|N(u)=+1}, we see that
we can write U-xU™'= UxU ™", Vx e R”% VY U € Spin.(p, q). Then for each
Y el (p, q) we can write

1

yxy ' =y=pz; %% zeRM,  peR;  x’=z2  (59)
Then,
Yxp ! = puxu”" (60)

Solving for px, we get AxA ' = px with A =u~"y. This last equation has a
solution Vx € R”? only if A has a scalar and possibly a pseudoscalar part.
We can show that the pseudoscalar part vanishes unless p+ g =4m, where
m is an integer.

For R, ; we see that the o-spinor can be written as a sum of two
even multivectors and has eight degrees of freedom, since ¢=u"'A =
u”'(a+esb), where a, beR and e; is the unit pseudoscalar of R, ;. Thus,
an o-spinor of R, ; has the same degrees of freedom as a covariant (or
algebraic) Dirac spinor.

The correspondence between a Dirac o-spinor and a Dirac a-spinor
is evident from Section 4.5, since a Dirac a-spinor is the product of an even
multivector by the particular idempotent e = 3(1+ e;e,).

To end this section we remark that the above correspondence, a-
spinors <> 0-spinors, is simply a generalization of the well-known result that
we can associate vectors in R™? with elements o € SO.(p, q) and covariant
spinors associated with R™? with the elements of the Spin.(p, q) group
(Bleecker, 1981). The result for p+g+=5 is even more justified since in
this case Spin.(p, ) ={ueR;, |du=1}.

5. CONCLUSIONS

Hestenes (1986) said about the theory of spinors: “I have not met
anyone who was not dissatisfied with his first reading on the subject.”
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Well, the reasons for such statement are in our view due to three main
facts:

(A) The usual representation of c-spinors such as introduced in Sec-
tions 1.1-1.4 does not emphasize the geometrical meaning of these
objects.

(B) There are no clear connections between the abstract concepts of
¢-spinors and the more abstract concepts of a-spinors, e-spinors,
and o-spinors as elements of particular Clifford algebras.

(C) The representation of a-spinor (or e-spinor) fields as sections of
some Clifford bundles (over space-time) and the problem of the
“transformation law” of spinors.

As to (A), we think that the situation has been partially clarified with
the presentation by Hestenes (1967, 1971a,b, 1975; also see Lounesto, 1986)
of the geometrical meaning of Pauli spinors and of Dirac spinors and also
by Penrose and Rindler (1984) of the quasigeometrical representation of
the undotted and dotted two-component spinors.

As to (B), we think that the present paper shows in a clear way how
to obtain relations between all c-spinors used by physicists and a-spinors
and e-spinors. The relation of o-spinors is also clarified in Section 4.

From our approach, in Sections 3.5 and 4 it is clear that a-spinors and
e-spinors can be thought of as elements of the exterior algebra of the vector
space V=R"% It follows that the usual claim that spinors are more funda-
mental than tensors is a non sequitur.

It is very important to emphasize that all our a-spinors or (e-spinors)
are elements of real Clifford algebras. Other approaches to the subject of
algebraic spinors (e.g., Crumeyrolle, 1969, 1971; Bugajska, 1979; Salin-
grados and Wene, 1985) complexify R, ; or R; ; [the complexification being
isomorphic to R,;=C(4)], introducing unnecessary complications. The
reason for such a complexification is the need to use a de Witt (Crumeyrolle,
1969, 1971; Bugajska, 1979) basis for the spinor space, since those authors
seemed unaware of the idempotent method used in this paper.

Another “need” for complexification comes, according to the view of
Salingrados and Wene (1985) from the fact that R, ; has only two idem-
potents and the formulation of quantum electrodynamics, as is well known,
needs four idempotents (there called projection operators). This “difficulty”
can be easily solved following Hestenes (1986) simply by introducing a
single operator that belongs to the dual space R, ; (here considered as a
vector space over R).

We cannot properly discuss here some distinctive features of the
different representations of Dirac a-spinor (or e-spinor) fields and related
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Dirac-like equations over Lorentzian manifolds. The interested reader
should see papers 1I and III and also Figueiredo et al. (1988).
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